
4 Functions of complex variables

Let me start directly with a definition.

Definition 4.1. We say that on the set E a complex function f is defined, which we will denote

w = f(z),

if for any z ∈ E some specific w ∈ C is assigned. We also write

f : E −→ C

to denote function f .

Geometrically this definition means that for each point z ∈ E on the plane z a mapping f is defined
that assigns to z point(s) in the plane w, so a complex function geometrically is a mapping of a part
of one plane to another plane. Quite different from the functions of real variables in general we do
not require that such point w = f(z) is unique; it is quite natural to consider multi valued functions
in complex analysis. This geometric interpretation immediately implies that the given definition of a
complex function is equivalent to two real valued functions of two real variables:{

(x, y) 7→ u(x, y),

(x, y) 7→ v(x, y).

Here we have that variables (x, y) correspond to the point z from the set E, and variables (u, v)
correspond to the coordinates of the point f(z) in the plane w.

Here a curious student should be a little worried: What do we actually gain by moving from
two real valued functions of two real variables to one complex function. And here is a basic answer:
Complex Analysis or the Theory of Functions of Complex Variables does not in general study arbitrary
mappings of one plane to another, which can be rather wild behaved and in this form belong to Real
Analysis. Specifically, Complex Analysis studies much narrower class of mappings, which are called
holomorphic or analytic functions. We will see precise definitions shortly, but at this point I would like
to mention that such functions have a number of remarkable and inherently intertwined properties,
some of which we will be studying.

Here are a few examples of functions of complex variables:

1. A polynomial p(z) = cnz
n + cn−1z

n−1 + . . .+ c1z + c0 is defined clearly for all E = C. Here cj
are complex numbers.

2. A rational function

f(z) =
p(z)

q(z)
,

where p, q are polynomials. This function is defined everywhere except points z for which
q(z) = 0.
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3.
f(z) = |z| =

√
x2 + y2 ,

4.
f(z) = x+ y + ixy.

I note that at this point we do not know what exp z or sin z actually mean, but soon we’ll get there.
To get to the main point of this lecture: the definition of a derivative of function of complex

variable, I first start with the notion of a limit of a sequence.

Definition 4.2. Let (zn)
∞
n=1 be a sequence of complex numbers. We say that Z is a limit of (zn), or

that (zn) converges to Z, if for any ϵ > 0 there is N ∈ N such that for all n > N

|zn − Z| < ϵ

holds. Symbolically we denote this as

lim
n→∞

zn = Z, or zn → Z.

Geometrically the above definition means that sequence (zn) has a limit Z if and only if all its
members starting with some n belong to the ball B(Z, ϵ) for any ϵ > 0.

Some basic facts hold for the limit of a sequence, and I invite a student to supply proofs for these
facts.

• The limit is unique;

• if a sequence converges, it is bounded, i.e., |zn| < M for all n and sufficiently large M > 0;

• assume an → A, bn → B. Then

an ± bn → A±B, anbn → AB,
an
bn

→ A

B
,

and the last expression holds if B ̸= 0.

• There is only one infinity for complex numbers. Specifically, we say

lim
n→∞

zn = ∞

if no matter how big M > 0 is, starting with some n, |zn| > M .

Here is the most important example for us.

Example 4.3. Let zn = zn for some fixed complex number z ∈ C. Then we have, using the fact that
|zn| = |z|n, that if |z| < 1 then the limit is zero; if |z| > 1 the limit is infinite. If z = 1 clearly the
limit is 1. Finally, assuming that |z| = 1 and z ̸= 1, we will have no limit. Indeed, in this case for any
n |zn| = 1 but Arg zn = Arg zn = nArg z will never be multiple of 2π, and hence the sequence does
not have a limit. Summarizing,

lim
n→∞

zn =


0, |z| < 1,

∞, |z| > 1,

1, z = 1,

none, |z| = 1, z ̸= 1.
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Definition 4.4. Let f : E −→ C. We say that

lim
z→z0

f(z) = w0,

if for any sequence (zn) that converges to z0, the sequence
(
f(zn)

)
converges to w0. We also denote it

f(z) → w0, as z → z0.

It is a good exercise for a student to check that this last definition is equivalent to the usual

Definition 4.5. We say that
lim
z→z0

f(z) = w0,

if for any ϵ > 0 there is δ > 0 such that for all z satisfying |z − z0| < δ one has

|f(z)− w0| < δ.

Similarly, I can introduce limit of a function at infinity (write it down).
I note that although the definitions for the limit of a function of complex variable is verbatim the

same as for a function of real variable, it is much more restrictive! For a function of real variable we
have only two ways to approach a point: from left or from right, whereas for a function of complex
variable there are a multitude of various ways to approach the same point z0, and they all must yield
the same limit.

Example 4.6. Consider

f(z) = f(x+ iy) =

{
0, y = 0,

1, y ̸= 0.

This function, considered as function of real variable (y = 0) has a perfectly fine limit if x → 0, which
is of course must be zero. Considered as a function of complex variable, f does not have a limit at
z0 = 0. Indeed, let me take

lim
n→∞

f

(
1

n

)
= 0,

on the other hand

lim
n→∞

f

(
i

n

)
= 1,

and since by approaching the zero with two different sequences I get two different answers it means
that limit does not exist at z0 = 0.

Definition 4.7. f : E −→ C is called continuous at z0 ∈ E if

lim
z→z0

f(z) = f

(
lim
z→z0

z

)
= f(z0).

Function f is called continuous in E if it is continuous at every point of E.

Convince yourself that function from Example 4.6 is not continuous.
Finally, the key definition of today’s lecture.
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Definition 4.8. Function f : E −→ C is called (complex) differentiable at z0 ∈ E if

lim
h→0

f(z0 + h)− f(z0)

h

exists and finite. Of course, I denote this limit f ′(z0).

Since the notion of differentiability is defined in terms of a limit, it should be clear that being
complex differentiable is more restrictive property than being real differentiable.

Example 4.9. Consider
f(z) = x+ y + ixy, z0 = 0.

Convince yourself that this function is continuous. It is however not differentiable at z0 = 0 since,
using notation z0 + h = z = x+ iy I have

f(z)− f(z0)

z − z0
=

x+ y + ixy

x+ iy
,

and the last fraction tends to 1 if y = 0 and to −i if x = 0, therefore the sought limit does not exist.

Note that continuity of a function follows from its differentiability, specifically

Proposition 4.10. If f is differentiable at z = z0 then it is continuous at this point.

A proof of this proposition is left as an exercise.
Since the definition of differentiability is verbatim the same as definition of differentiability of a

real valued function it implies that the usual rules hold. Namely,

Proposition 4.11. Assume that f, g are differentiable at z = z0 then

(f ± g)′(z0) = f ′(z0)± g′(z0),

(fg)′(z0) = f ′(z0)g(z0) + f(z0)g
′(z0),(

f

g

)′
(z0) =

f ′(z0)g(z0)− f(z0)g
′(z0)

g2(z0)
,

and the last formula holds if g(z0) ̸= 0.
Moreover, assuming that f is differentiable at w0 = g(z0) and g is differentiable at z0 then the

composition
h(z) = (f ◦ g)(z) = f(g(z))

is differentiable at z0 and
h′(z0) = f ′(w0)z

′(z0) = f ′(g(z0))g
′(z0).

Very often we replace our point z0 at which the derivative is taken with writing simply f ′(z)
emphasizing that the derivative is a function of complex variable z itself (which is slightly confusing
mathematically, since in most cases the derivatives of functions are not functions in general, but will
not bother us in this course).
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Example 4.12. I claim that (zn)′ = nzn−1 for any z and any integer n > 0. Indeed, this formula
true by definition for n = 1:

z′ = 1.

Now assume that (zn)′ = nzn−1. I have

(zn+1)′ = (zzn)′ = z′zn + nzn−1z = (n+ 1)zn

as required. Therefore I showed that function z 7→ zn is differentiable for any z ∈ C. Such functions
have special names.

Definition 4.13. Let E be a domain. Function f : E −→ C is called holomorphic (or analytic) in E
if it is differentiable at every point z ∈ E.

Note that being differentiable at a point is not equivalent to be holomorphic at this point. Namely,
there are functions that are differentiable at a point buy not holomorphic there, examples will be given
in the next lecture.

Definition 4.14. A function f that is holomorphic in whole C is called entire.

In the example above I showed that zn is holomorphic in C and hence entire. Using the rules for
the derivatives of sums I conclude that any polynomial is an entire function. Any rational function is
a holomorphic function in E, which is the set of all points in complex plane without those at which
the denominator of the rational function vanishes.

In the rest of our course we will be studying various properties of holomorphic functions. Our
first task is to derive relatively simple conditions that would allow us to conclude that a function is
actually holomorphic in some domain E.
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